The existence of fermionic zero modes is shown in the presence of vortex configuration of pure SU (2) gauge field on the manifold M4 × S 2 . From the perspective of four-dimensional effective theory, these zero modes are almost the same as the Jackiw-Rossi type zero modes of the vortex-fermion system.
Introduction
To construct a unified theory of fundamental interactions including gravity, there exists a promising possibility in higher-dimensional theories, namely, string theories [1] which are formulated naturally in space-time dimensions greater than four. Although in such theories we must solve problems related to the dynamics of compactification of extra dimensions, we can immediately consider low energy (i.e., below the Planck scale) effective field theories in four space-time after compactiffcation.
From the perspective of these effective theories, it is permissible that vector fields have non-vanishing vacuum expectation values (VEV) for their extra dimensional components since they do not break four-dimensional Poincaré invariance of the theory. Under these circumstances, the VEV of the gauge field on extra-space manifold are quite important. For example, when the gauge field configuration has non-zero field strength, they can be a source to stabilize the extra space compact; otherwise fermions generally must gain masses of order Planck scale in four dimensions. The finite field strength may be a candidate for cancellation of such large masses. Furthermore, in the case that the gauge group under consideration is non-Abelian, the existence of the non-vanishing components can be a seed for gauge symmetry breaking. A profitable fact in this mechanism to break large gauge symmetry is that it is not necessary to introduce an extra scalar (Higgs) field with an appropriate shape of its potential. In other words, in such mechanism, the role of the Higgs field which gives the gauge field mass is imposed on the gauge field itself.
With this type of symmetry breaking mechanism we may consider associated phase transitions and a simultaneous production of topological defects. For a concrete example of such defects, Lee, Holman and Kolb [2] constructed a domain wall solution of pure SU (3) gauge theory in seven dimensions. And the present authors have recently found a vortex-type solution [3] to the pure Yang-Mills (SU (2)) equation of motion which couples with gravity on M 4 × S 2 , where M 4 is a large four space-time and S 2 is an extra two-sphere. From the four-dimensional point of view, this configuration is almost an isolated infinitely long cosmic string of an Abelian-Higgs theory. [4] The structure of this vortex solution has quite a curious feature that in the core of the vortex the SU (2) gauge symmetry is breaking to U (1), while outside the core the symmetry is restored, [5] namely, the symmetry structure is converse to the Abelian-Higgs vortex. [6] In both examples of defects, the stability of field configurations is guaranteed by non-trivial topological winding number, i.e., ∼ trF ∧ F . Now, when we introduce fermions into the system with topological defects, some curious properties appear. In particular, the existence of fermionic zero modes are well investigated in various systems which possess topological objects as backgrounds, e.g., magnetic monopole, [7] vortex, [8] instanton, [9] etc. In this letter, we consider fermion zero modes against the background of the SU (2) vortex solution in six dimensions. In the four-dimensional cosmic string model, the existence of such zero modes is crucial for a mechanism in which the string behaves as superconducting wire. [10] Generally, to investigate the fermion zero modes we have two directions: (i) From an index theorem we can get the difference in number between the left-and right-handed zero modes of an associated Dirac operator. (ii) By solving the Dirac equation directly, we can explicitly show the number of zero modes and their chiralities. This calculation is done in the case of an Abelian-Higgs vortex in 2 + 1 dimensions by Jackiw and Rossi. [8] We will consider these two methods.
At the beginning, we give the background SU (2) gauge field of vortex type in six dimensions. [3] As mentioned above, the space-time topology is taken to be M 4 × S 2 . Throughout present consideration, M 4 is set to be flat and the geometry is fixed, i.e., gravity is neglected, although in the original model, [3] the dynamics of gravity was included. Since the vortex system has an axial symmetry we use a cylindrical coordinate of M 4 :
where b is a constant radius of the extra two-sphere. The vortex configuration of pure SU (2) gauge field is the following solution to the Yang-Mills equation.
At the core of the string, the configuration should have a finite energy density, so we place a monopole configuration [11] on extra space there, namely,
This can be smoothly connected with a trivial vacuum. We write the configuration via real functions Φ 1 and Φ 2 which are independent of the internal coordinates:
where the case Φ 1 = Φ 2 = 0 is trivially the monopole, whereas the case |Φ 1 + iΦ 2 | = 1 can be shown to be gauge equivalent to the trivial vacuum. These extra space components can be represented as a complex scalar field Φ ≡ Φ 1 + iΦ 2 . Further, we place an ansatz on the components,
where Greek indices run over M 4 coordinates. These are commutable with Eq. (2) and with each other. For the fields Φ and A µ , the Yang-Mills equation can be reduced to that of an effective U (1)-scalar system with a "Mexican hat" potential.
[3] Now we construct a vortex-type solution in large four spacetime from this background gauge field. By imposing an axial symmetry in four dimensions, we need only the azimuthal component of the gauge field. So, for an n-vorticity case we take an ansatz on the background as
Boundary conditions for the functions P (r) and X(r) are P (0) = 1, P (∞) = 0, X(0) = 0 and X(∞) = 1. In this situation, we found numerical solutions for X(r) and P (r) with unit vorticity. The multivorticity case will be solved in the same way. The behavior of this vortex solution is almost the same as that of the Abelian-Higgs vortex as expected from the equation of motion. For details see Ref. [3] . Now, we introduce a massless fermion in a fundamental representation of SU (2) into this system. The Lagrangian is written as
where M, N run over the six-dimensional coordinate and the a's are summed over the dimension of the fundamental representation. The field strength and a covariant derivative for fundamental representation are defined as follows,
where ∇ M is a covariant derivative with respect to a gravitational connection. First we consider the calculation of the index. As mentioned above, we can gain some information of fermionic zero modes by an index theorem.
Let us remember the ordinary Abelian-Higgs vortex model as a similar case. In the model of fermion-vortex system in 2 + 1 dimensions, [8] one of the crucial conditions that the fermion has zero-energy modes is the existence of fermionscalar (Yukawa) couplings. From these, the fermion gains a mass in a true vacuum sector, i.e., far from the defect, and in the neighborhood of the vortex there exist zero-energy modes which are eigenstates of "particle conjugation". In this Abelian-Higgs model, the index theorem is conjectured in Ref. [8] and verified by Weinberg, [12] that is
where we have used the fact d 2 xF 12 = C dl i A i , A i is the U (1) gauge field, and F ij is the field strength. The left-hand side is an analytic index of an associated differential operator, or, a generalized Dirac operator. The physical meaning of this quantity is the difference in number between + and − eigenstates of particle conjugation. This index theorem yields G = n in the n vortex sector, so we find that there are at least |n| "zero energy" modes in the two-space on which the vortex lies.
On the other hand, in even dimensions of Euclidean signature there exists another index theorem [13] which says that an analytic index of the Dirac operator is connected with a topological index of an associated manifold, M, that is,
where the left-hand side is the difference between the numbers of left-and righthanded zero modes, which is the index of a spin complex. In the present pure SU (2) vortex case, the fermion has only minimal gauge coupling which includes both "gauge" and "scalar" fields in the four space-time perspective. If we want to extract some information in the present case from the topological index, we need only to consider the index theorem (10). Now, we calculate the topological index of the vortex gauge field of the present model. The vortex is an object which lies on the (r, ψ) plane and on S 2 in this model, so we are interested in the index theorem only for transverse directions including an extra space, namely, the space spanned by coordinates r, ψ, θ, and φ. Then, we divide the Dirac operator into two parts,
where D / T is the transverse Dirac operator. The transverse four-space is partially compactified without boundary, namely, R 2 × S 2 of constant curvature, so trR R − 0. Incidentally, this holds in the case with dynamics of gravity. Therefore the topological index comes from only a contribution of the SU (2) gauge field part. We obtain the index from Eq. (10):
The conclusion is
where n is the vorticity which appears in Eq. (5). So we find that there are at least |n| transverse zero modes in the n vortex sector. This result is almost the same as the 2+1 dimensional Abelian-Higgs vortex system. As mentioned above, in such a system the index (9) is the difference in number between "particle conjugation" eigenstates. However, in the present model the index we have obtained is the quantity concerned with the chirality of the spinor in transverse space, R 2 × S 2 . Of course these two quantities are closely related to each other. So far we confirmed the existence of the transverse zero modes. From now on we explicitly solve the Dirac equation to find the true number of zero modes and their chiralities in the transverse space. The six-dimensional Dirac matrices are chosen to be
where γ µ 's, γ 5 and 1 4 are four-dimensional Dirac, chiral and unit matrices respectively, and σ i 's are Pauli matrices. In this representation, a six-dimensional chiral matrix becomes diagonal as
The transverse Dirac operator can be written in terms of vielbein e m α and spin connection ω mβγ as
In this expression Greek indices represent local orthogonal coordinates of S 2 and Latin indices run over internal coordinates. The spin matrices are defined as
We naively expect that, in the large space perspective, the zero modes of D / T are the zero-energy modes in the Kaluza-Klein's sense. The crucial condition for the existence of the zero-energy modes is that the fermion in the large four dimensions is massless at the center of the core. That is to say, when Φ = 0, the four dimensional mass term should vanish in the present model. Then we first show that the fermion has massless modes at the axis in four-dimensional effective theory. [11] By the masslessness in six dimensions, we may consider each member of the fermion in the doublet of SU (2) to have a positive eigenvalue of Γ # , i.e.,
whereλ andχ are four-component spinors. In the six-dimensional point of view, the theory is chiral, i.e., Γ # Ψ = +Ψ. Let us consider the following form for the four spinorŝ
where λ(x) and χ(x) are independent of the internal coordinates, (θ, φ). For these spinors, by inserting Eq. (2) and ω φ45 = − cos θ into Eq. (12), the fourdimensional mass term at the axis is written as
In this mass term, we may select the large four-dimensional chiralifies of λ and χ as
Then the mass term vanishes. So we find that there exists a massless mode in the presence of SU (2) monopole con6guration on S 2 . Furthermore we find that, in the effective theory, both left-and right-handed massless modes appear.
We now show that the Dirac equation for λ and χ has a solution of bound states in the core, which are similar to that of Ref. [8] . The Dirac equation for the base of SU (2) doublet (20) is written as
where
in an appropriate representation of γ µ . Note that, the Yukawa couplings in this model consist of different members of SU (2) doublet. We may factorize the (z, t)-dependence of each two-component "Weyl" spinor as
In this factorization, α 1 and α 2 are solutions to the equations (∂ t − ∂ z )α 1 = 0 and (∂ t + ∂ z )α 2 = 0, respectively. If this is the case, the equations of motion are decoupled into two sets (χ 1 , λ 1 ) and (χ 2 , λ 2 ), so we now consider one of the sets (χ 1 , λ 1 ).
We give an ansatz for their angular dependences:
where m is an integer. Then the equations of motion are reduced to
The asymptotic behaviors of λ and χ at infinity are ∼ e ±r , for the bound states we choose the solution ∼ e −r . Now we can easily find the number of such zero modes. The behaviors of X and A ψ near r = 0 are ∼ r |n| and ∼ 0 respectively, then we find the behavior of (χ(r), λ(r)) near the axis as follows,
The regularity condition at r = 0 is n − 1 ≥ m ≥ 0. Therefore, the number of zero modes (χ 1 , λ 1 ) is n in the n > 0 vortex sector, whereas in the case n < 0, there is no regular solution for (χ 1 , λ 1 ). Alternatively, the solutions for (χ 2 , λ 2 ) exist only in n < 0 vortex sector. In both cases, there are |n| normalizable zero modes. We now discuss the properties of these zero modes.
As the Higgs mechanism, in which the scalar field vacuum expectation value gives the fermion mass, the fermion in the present model is massive in the region of "true" vacuum, in which SU (2) symmetry is restored. This mass term essentially comes from the compactness of the extra space from the sixdimensional view point and is of order Planck scale ∼ 1/b. One set of the zero modes has a freedom of only one massive fermion, namely, one SU (2) chiral doublet looks like a supermassive Dirac fermion far from the axis.
In the ordinary four-dimensional superconducting string model of U (1) × U (1) theory,lo an axial vector coupling is closely connected with the superconductivity of the vortex. We should mention that the present SU (2) model with Weyl fermion may have both gauge and gravitational anomalies. Here we do not consider the cancellation of the anomalies. Similarly, to the U (1) × U (1) model we expect the gauge anomaly to be related to the superconductivity. Presumably, it will be possible that this SU (2) vortex shows the superconductivity by an appropriate assignment of charges and chiralities of the fermions.
Furthermore, the superconducting string with a bosonic carrier is also possible. It will be able to construct such a model in the present higher-dimensional vortex configuration. To this end, we may introduce an extra scalar field which couples with SU (2) × U (1) gauge fields. The four-dimensional effective theory resembles the model in Ref. [12] , but it may have different properties of detailed structure of the theory. The contents of this model will be described elsewhere.
To summarize, we have verified the presence of the fermion zero modes associated with the vortex gauge field on M 4 × S 2 which the present authors recently constructed. Not quite the same as the Jackiw-Rossi type zero modes in 2 + 1 dimension, the topological index is simply calculated as an instanton number. We have used it and confirmed explicitly that in the n-vortex sector there are |n| normalizable zero modes.
